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Recent experiments point to a variety of intermetallic systems which exhibit exotic quadrupolar orders driven
by the Kondo coupling between conduction electrons and localized quadrupolar degrees of freedom. Using a
Luttinger k · p Hamiltonian for the conduction electrons, we study the impact of such quadrupolar order on
their energies and wave functions. We discover that such quadrupolar orders can induce a nontrivial Berry
curvature for the conduction electron bands, leading to a nonvanishing optical gyrotropic effect. We estimate
the magnitude of the gyrotropic response in a candidate quadrupolar material, PrPb3, and discuss the resulting
Faraday rotation in thin films.
Kondo coupling between conduction electrons and local
quadrupolar degrees of freedom is of great interest for real-
izing the multichannel Kondo lattice model. Candidate ma-
terials to realize this physics include Pr-based intermetallic
compounds such as PrPb3, PrT2X20 (with T=Ir,Rh,Ti,V and
X=Zn,Al), PrMg3, PrInAg2 and PrPbBi etc in which the
quadrupoles reside on 4f2 Pr ions.[1–11] These ions possess
a non-Kramers Γ3 doublet ground state due to strong spin-
orbit coupling and local crystal fields. Matrix elements of
the dipole operator, proportional to the total angular momen-
tum, vanish in this doublet Hilbert space. However, matrix
elements of quadrupolar operators, rank-2 irreducible ten-
sors formed from the angular momentum, remain nonzero.
The Doniach phase diagram suggests that strong hybridiza-
tion between these quadrupolar doublets and the conduction
electrons could lead to unusual heavy Fermi liquids, while
weak hybridization could lead to quadrupolar orders driven by
Ruderman-Kittel-Kasuya-Yosida (RKKY) interactions. [12–
15]
Detecting such quadrupolar orders and clarifying the nature
of their broken symmetries remain challenging issues due to
a dearth of probes which couple directly to the quadrupole
moments. In contrast to magnetic dipole order, the ordering
of these time-reversal invariant quadrupoles does not directly
manifest itself in nuclear magnetic resonance (NMR), muon
spin rotation (µSR), or neutron diffraction measurements, ne-
cessitating the need for indirect probes. Such probes include:
(i) ultrasonic measurements of phonon softening accompany-
ing quadrupolar order, but this is restricted to ferroquadrupo-
lar order; and (ii) magnetic field induced dipolar order, which
can be probed by neutron diffraction and whose pattern de-
pends on the underlying quadrupolar state, but this relies on
having a field regime strong enough to induce measurable
dipolar order while not significantly modifying the underly-
ing quadrupolar order. [6, 16] This experimental complexity
of probing multipolar orders is also at the heart of the long-
standing puzzle of “hidden order” in URu2Si2.[17, 18]
In this Letter, we suggest an alternative route - the opti-
cal gyrotropic effect [19–22] - that may provide a sensitive
probe of quadrupolar broken symmetries in metals. The op-
tical gyrotropic effect is a certain handedness in the propa-
gation of light, leading, for instance to one circular polariza-
tion of light propagating faster than the other. It may be ob-
served in chiral states of matter such as a solution of chiral
glucose molecules or materials with chiral charge order. In
this Letter, we argue that quadrupolar Kondo systems natu-
rally provide a broad class of materials in which to expect a
nonzero gyrotropic effect. The underlying physics is simple to
explain. Weak Kondo coupling of the quadrupoles to conduc-
tion electrons induces extended RKKY interactions between
them. This frustration can lead to spiral quadrupolar order,
which in turn, via the Kondo coupling, modifies the conduc-
tion electron dispersion and wave functions while preserving
time-reversal symmetry. Such quadrupolar order breaks inver-
sion and certain mirror symmetries, resulting in a nontrivial
Berry curvature for the conduction electrons, and a nonzero
gyrotropic response along certain high symmetry directions,
measuring which can shed light on the nature of quadrupolar
symmetry breaking.
As an illustrative example, we consider the intermetallic
compound PrPb3 which has been suggested to exhibit spiral
quadrupolar order below TQ∼0.4K.[23] In PrPb3, the Pr sites
form a bipartite cubic lattice, so such spirals must arise from
competing further-neighbor RKKY interactions which frus-
trate simple ferroquadrupolar order. To study the impact of
this order on the conduction electrons, we consider the k · p
Luttinger Hamiltonian with cubic symmetry,[24] which de-
scribes the spin-orbit coupled Pb conduction holes near the
Γ-point. Such a Luttinger Hamiltonian is applicable to a
wide variety of materials such as cubic intermetallics, GaAs,
and the pyrochlore iridates.[24–26] We then incorporate new
terms allowed by the broken symmetry associated with the
weak quadrupolar order in PrPb3. Computing the Berry cur-
vature of the resulting modified band wave functions is shown
to lead to a nonzero gyrotropic effect. We estimate the magni-
tude of this gyrotropic response, discuss its possible signature
in Faraday rotation experiments on thin films of PrPb3, and
conclude with broader implications.
Luttinger Hamiltonian for conduction electrons. — We will
consider conduction electrons with spin-orbit coupling, in the
presence of time-reversal and cubic crystal symmetry. At the
Γ-point, the point group symmetry is captured by the double
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FIG. 1. Band dispersion (in eV) of the Luttinger Hamiltonian in
Eq.(1), with momentum measured in units of the inverse lattice
spacing. For both (a) and (b), two different momentum direc-
tions are shown: k along (110) and (111). (a) Doubly degener-
ate bands for the Luttinger Hamiltonian H0 with fitting parameters
(c1, c2, c3)∼ (0.6, 0.3, 0.15)eV. (b) Band splitting due to the addi-
tional termsH(1)Q andH(2)Q with a choice α2/α1 =2, α3/α1 =3 and
β2/β1 =β3/β1 =−1. The overall scale of these terms has been cho-
sen to be significant in this figure, with α1 =β1 =0.05eV, only in or-
der to clearly depict the band splittings; for quantitative estimates of
the gyrotropy in the paper, however, these are appropriately taken to
be on the scale of the quadrupolar ordering temperature TQ ∼ 0.4K.
The eigenfunctions of u1,± and u2,± are given in Eq.(7).
group of Oh, which contains the maximal four-dimensional
representation, the Γ8 representation. Thus, electronic states
near the Γ-point, for instance the Pb states of PrPb3, may
be described by the widely applicable four-band Luttinger
Hamiltonian,[24] H0 =
∑
k Ψ
†
kµh
µν
0 (k)Ψkν , with
h0(k) = −c1(k2x+k2y+k2z) I4 − c2(k2xJ2x+k2yJ2y+k2zJ2z )
−c3(kxkyKz+kykzKx+kxkzKy). (1)
Here, I4 is the 4 × 4 identity matrix, Jµ is the µ-th compo-
nent of j = 3/2 angular momentum matrices, and Kµ is
defined via anticommutators, as Kx = 1/2{Jy, Jz}, Ky =
1/2{Jz, Jx}, and Kz = 1/2{Jx, Jy}. (Note that these an-
gular momentum operators are distinct from the operators de-
scribing the local quadrupolar moments on Pr.) The dispersion
is parameterized in terms of unknown constants c1,2,3. Mea-
suring the momentum in units of the inverse lattice constant
a, we find that choosing (c1, c2, c3)∼(0.6, 0.3, 0.15)eV leads
to a reasonable description of small hole pocket, as shown in
Fig. 1(a), found near the Γ-point in ab initio band structure
studies of the closely related compound LaPb3.[27, 28] (We
henceforth set a = 1.) Time-reversal and inversion symmetry
ensure that each band is doubly degenerate.
Quadrupolar ordering. — To understand the impact of
quadrupole ordering on the conduction electrons, we follow
a symmetry based approach which considers the modification
of the above Luttinger Hamiltonian H0 by additional terms
which are allowed by the reduced symmetry of the quadrupo-
lar ordered state. This enables us to directly connect the sym-
metry of the quadrupole ordering with the response of the
electronic states.
To illustrate this idea, let us consider quadrupole order with
Q = (Q, pi, 0) that is known to be the ordering wave vector
in PrPb3 (with Q ≈ 5/4pi).[23] This ordering breaks transla-
tional symmetry, and the original cubic point group symmetry,
but there are certain remnant symmetries: (i) C2x: two-fold ro-
tations about the xˆ-axis, (ii)Mxy andMxz: reflections in the
mirror plane xy or xz. Under these operations,
C2x : (ky, kz)→ (−ky,−kz); (Jy, Jz)→ (−Jy,−Jz)(2)
Mxz : ky → −ky, (Jx, Jz)→ (−Jx,−Jz) (3)
Mxy : kz → −kz, (Jx, Jy)→ (−Jx,−Jy) (4)
Demanding that the modified Luttinger Hamiltonian be in-
variant under these residual symmetries, in addition to time-
reversal symmetry, leads to extra terms organized in powers
of momentum,
H
(1)
Q = α1J
2
x + α2J
2
y + α3J
2
z (5)
H
(2)
Q = β1kyJz + β2kzJy + β3kx(JxJyJz + JzJyJx).(6)
As shown in Fig. 1(b), these terms split the two-fold band de-
generacy of H0. For a different ordering wavevector Q ≡
(Q1, Q2, 0), all cubic symmetries except Mxy are broken,
leading to extra terms β4kxJz + β5kzJx + β6ky(JxJyJz +
JzJyJx); this may be relevant to other materials.
We can compute the coefficients of these extra terms us-
ing the material-specific, symmetry allowed, Kondo couplings
between the quadrupoles and the conduction electrons, and
knowledge of the full bandstructure. On general grounds,
since the quadrupoles are time-reversal invariant, they do not
couple to the conduction electron spin, but rather to operators
such as the local density or kinetic energy. For quadrupo-
lar order at wavevector Q, such Kondo couplings will couple
unperturbed electronic states at momenta (k,k + Q). As-
suming that these states differ in energy by a characteris-
tic energy scale ∆ε, second order perturbation theory sug-
gests that αi, βi ∼ V 2/∆ε, where V is the strength of the
Kondo coupling. More physically, since these terms arise be-
low the quadrupolar transition temperature TQ, which in turn
is determined by the RKKY coupling ∼ V 2/∆ε, we expect
αi, βi ∼ TQ.
We next study the impact of H(1)Q , H
(2)
Q on the optical gy-
rotropy of the quadrupolar ordered state. Denoting the energy
scale of the k · p Hamiltonian by W , two distinct momen-
tum regimes emerge naturally: (i) small momentum, where
k  TQ/W , and (ii) large momentum, where k  TQ/W .
We next turn to an analytical perturbative approach to com-
pute the Berry curvature and gyrotropic response arising from
these regions of momentum space.
Small momentum, k  TQ/W . — In this limit, we can
start at the Γ-point where H(1)Q breaks the four-fold degener-
acy of the unperturbed states, leading to a pair of Kramers
doublets. The leading corrections away from the Γ-point
arise from linear-in-momentum terms present in H(2)Q , which
weakly splits these Kramers pairs.
For the (Q, pi, 0) order relevant to PrPb3, projecting to the
eigenstates of H0 + H
(1)
Q at the Γ-point, only terms β1, β2 in
H
(2)
Q have nonzero matrix elements, while the matrix element
3of the β3 term vanishes. The splitting of each doublet away
from the Γ-point can then be described in terms of just two
Pauli matrices, leading to a vanishing Berry curvature over
any small momentum patch. Along ky = kz = 0, the doublet
remains unsplit, leading to a line node, and the Berry curva-
ture is not well-defined on a patch which intersects this line
node. However, the gyrotropic response, as discussed below,
integrates the Berry curvature over all occupied bands; thus,
patches near the line node also do not contribute to the final re-
sult since the contributions from the two bands touching at the
line node will mutually cancel. Thus, we expect the small mo-
mentum region gives a vanishing contribution to the gyrotropy
in PrPb3. Note, however, that for more general (Q1, Q2, 0) or-
der, this is no longer true.
Large momentum, k  TQ/W . — In this limit, we first
diagonalize H0 (see Supplemental Material for energies and
eigenfunctions) which leads to two pairs of doubly degener-
ate bands, and project H(1)Q and H
(2)
Q into each degenerate
manifold. The projection of H(1)Q turns out to be proportional
to the identity matrix, and hence does not modify the eigen-
states which remain degenerate. We thus focus on the effects
of H(2)Q , and express its projection into each doublet of H0
using Pauli matrices, as H˜` = ~f`(k) · ~σ, where ` = 1, 2 la-
bels the two different degenerate bands. The eigenvalues are
given by E`,±(k) = `(k)± |~f`(k)|, where `(k) are the un-
perturbed (degenerate) band energies, and the eigenfunctions
are
u`,±(k) =
 ±
√
1
2 ±
f`,x(k)
2|~f`(k)|
f`,x(k)+if`,y(k)√
2(|~f`(k)|2±f`,z(k)|~f`(k)|)
 . (7)
Fig. 1 (b) illustrates how doubly degenerate bands in Fig.1
(a) split into four bands with eigenfunctions u`,±(k) in the
presence of H(2)Q , for given parameters α2/α1 = 2, α3/α1 =
3 and β2/β1 = β3/β1 = −1. The overall scale of these
terms has been chosen to be significant in Fig. 1(b), with α1 =
β1 =0.05eV, only in order to clearly depict the band splittings;
however, for quantitative estimates of the gyrotropy discussed
below, these are correctly taken to be on the scale of TQ ∼
0.4K. For given eigenfunctions say u`,±, the γ component of
Berry curvatures Ωγ`,± are defined as
Ωγ`,± = iµνγ〈∂kµu`,±|∂kνu`,±〉, (8)
where µνγ is the totally antisymmetric tensor. A nonzero
Berry curvature Ωγ`,± induces an anomalous velocity of con-
duction electrons parallel to µ direction when the electric field
is applied along ν direction. In the time reversal invariant
but lattice symmetry broken system, such anomalous veloc-
ity induces the transverse current jµ = λGµνγdEν/dxγ that
is proportional to the gyrotropic coefficient λGµνγ . In particu-
lar, for oscillating electric field Eν(xγ , t) = Re[Eei(qxγ−ωt)]
that propagates along the γ direction with wave vector q and
frequency ω, the gyrotropic coefficient λGµνγ can be derived
within the relaxation time approximation,[22]
λGµνγ ≈
e2
~
2
(2pi)3
lmf
(1− iωτ)2
∫
kγ>0
dkγΦ
γ(kγ), (9)
for qlmf  1 where lmf = vF τ is a mean free path with
Fermi velocity vF and relaxation time τ , and Φγ(kγ) ≡∫
occ
dkµdkν Ω
γ(k) is the 2D integral of Berry curvatures for
a given kγ > 0. The detailed derivation of λGµνγ in Eq.(9) is
shown in the Supplemental Material.
We begin by discussing how symmetry constrains the gy-
rotropic effect. The γ component of Berry curvature is odd
under the mirror symmetries if a mirror plane contains γ di-
rection. Therefore, for quadrupole order with the wave vector
Q = (Q, pi, 0), since mirror symmetries Mxy and Mxz are
present, this guarantees Φx(kx) = Φy(ky) = Φz(kz) = 0.
Thus, we expect λGµνγ = 0 for γ = [100], [110] directions.
However, there are no mirror planes for γ = [111], so we
expect Φγ(kγ) 6= 0 for this direction.
To estimate the gyrotropy for γ = [111], we compute the
2D integration of Berry curvatures Φγ(kγ) including all four
bands, based on the eigenvalues and eigenfunctions of H˜`. For
a spherical hole pocket, one can further simplify the integra-
tion into only angle dependence, realizing that
∫
dkγΦ
γ(kγ)
does not depend on the Fermi wave vector in the limit of
k  TQ/W . Now, we consider the surface integration of
Φγ(kγ) in Eq.(9)∫
kγ>0
dkγΦ
γ(kγ) ≈ 1
W
∫
θ,ϕ
(|~f1| Ωγ1,+ + |~f2| Ωγ2,+).(10)
Here, the integration of azimuthal and polar angles ϕ and θ for
upper half of a sphere is
∫
θ,ϕ
=
∫ pi/2
0
sin θdθ
∫ 2pi
0
dϕ, where
k is defined as (kµ, kν , kγ) = k(sin θ cosϕ, sin θ sinϕ, cos θ)
in spherical coordinates. (See the Supplemental Material for
a detailed derivation of Eq.(10).)
Fig. 2 (a) and (b) show the azimuthal and polar angle depen-
dence of |~f1| Ωγ1,+ and |~f2| Ωγ2,+ (in units of TQ) respectively
for c2 = 0.3eV, c3 = 0.15eV (results do not depend on c1)
and β1 = −β2 = −β3 = TQ. One can easily confirm that
|~f`| Ωγ`,+ is odd under time reversal symmetry : θ → pi − θ
and ϕ→ pi+ϕ. Integration of upper half of a sphere for both
|~f`| Ωγ`,+ results in
∫
θ,ϕ
(|~f1| Ωγ1,+ + |~f2| Ωγ2,+) = ηTQ, with
the coefficient η ∼ 0.1-1 depending on the relative signs of
β1, β2 and β3.
Experimental Signature. — So far, we have considered
how quadrupole order can induce band Berry curvature and
a nonzero gyrotropic coefficient λGµνγ . Such gyrotropy will
lead to a finite Faraday rotation of light transmitted through
thin films with quadrupolar order. Including the gyrotropic
coefficient λGµνγ , the conductivity tensor can be represented as
σµν(ω, k) ' σ(ω)δµν + iλGµνγkγ . Using Maxwell equations
∇×B = µ0j and ∇×E = −∂B∂t with vacuum permeabil-
ity µ0, the complex index of refraction N ≡ ck/ω (c is the
speed of light) can be written up to the leading order of λGµνγ
: N± ≈ (n + iκ) ± iµ0cλGµνγ/2 for right- or left-circularly
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FIG. 2. Azimuthal and polar angle dependence of |~f1| Ωγ1,+ and
|~f2| Ωγ2,+ in units of TQ, with given parameters c2 = 0.3eV,
c3 = 0.15eV (these results are independent of c1) and β1 = −β2 =
−β3 = TQ when γ = [111]. See the main text for details.
polarized electric fields E = (xˆµ ± ixˆν)E0ei(kxγ−ωt), where
n+iκ is the normal complex refractive index in the absence of
gyrotropy. This difference of refractive indices leads to the ro-
tation of the principal axis polarization of incident light, with
the Faraday rotation angle θF given by
θF =
ωd
2c
Re[N+ −N−] ≈ ωd
2c
Im[µ0cλGµνγ ]
≈ ωd
2c
αlmf
pi2
Im[
1
(1− iωτ)2 ]
∫
kγ>0
dkγΦ
γ(kγ),
where we have used Eq.(9) for the gyrotropic coefficient λGµνγ .
Here, d is the film thickness of materials, α = e2/(4pi0~c)
is the fine structure constant, and lmf = vF τ is the mean free
path determined by the Fermi velocity vF and the transport
lifetime τ . Next, let us estimate the Faraday rotation angle per
unit thickness for PrPb3 films. To maximize θF /d, we need
to work at frequencies ω ∼ 1/τ , which leads to
θF
d
∼ α
2pi2
vF
c
∫
kγ>0
dkγΦ
γ(kγ), (11)
the estimate of which depends the Fermi velocity vF and the
integrated Berry curvature.
(1) Fermi velocity and transport lifetime. — The elec-
tronic bands have been studied for LaPb3 where La3+ forms
closed shell and is inert without quadrupolar order from Pr3+
4f2 non-Kramers doublet. It shows the hole pockets near Γ
point in LaPb3 due to the conduction electrons of Pb, which
have been also observed for PrPb3 in de Haas-van Alphen
experiments.[27–29] Strong spin-orbit coupling of Pb conduc-
tion electrons suggests that the Pb electronic states are well
described by the Luttinger Hamiltonian H0 in Eq.(1). Based
on the band structure calculation of LaPb3, we estimate the
Fermi velocity vF ≈ 2× 106m/s.
Furthermore, we obtain the carrier density nd = 4 ×
k3F /(6pi
2) ≈ 2.5×1026m−3 arising from the four hole pocket
bands with kFa ≈ pi/4 (lattice constant a ∼ 5A˚), with an
effective mass m∗ ≈ 0.1me. Within a Drude picture, the
complex conductivity is written as σ(ω) = σ0/(1 − iωτ),
where σ0 = nde2τ/m∗. Close to the quadrupole ordering
temperature TQ, σ0 ≈ 1µΩ−1cm−1 for PrPb3, which yields
τ ≈ 10−12s. We thus need to probe the gyrotropy at a fre-
quency ω ≈ 1012Hz.
(2) Integrated Berry curvature. — As mentioned earlier,
PrPb3 exhibits spiral quadrupolar order at TQ ≈ 0.4K with an
ordering wave vector Q ≈ (Q, pi, 0) where Q ≈ 5/4pi. Based
on our previous discussion, the integrated Berry curvature
from the reconstructed bands is
∫
kγ>0
dkγΦ
γ(kγ) ≈ ηTQ/W
(with η ∼ 0.1-1). This leads to the final result
θF
d
∼ α
2pi2a
(vF
c
)(ηTQ
W
)
. (12)
where we have reinstated the lattice constant a.
(3) Faraday angle. — Since PrPb3 is metallic, we need
to estimate the optimal film thickness for which we expect
significant transmission of light, with the maximum possi-
ble Faraday angle. The penetration depth δ of light is de-
termined by the complex refractive index N = n + iκ via
δ = c/ωκ. For ω ≈ 1012Hz (i.e., infrared light), and a com-
plex Drude conductivity with σ(ω) = σ′(ω)+iσ′′(ω), we find
κ ≈√µ0c2σ′(ω)/ω ≈ 3× 103, so the estimated penetration
depth is δ = c/ωκ ≈ 100 nm, and we must choose the film
thickness d ∼ δ.
Thus, for T < TQ, when the infrared light with a fre-
quency ω ≈ 1012Hz is transmitted through PrPb3 along the
[111] direction, setting η & 0.1 yields a Faraday rotation an-
gle θF & 0.01µrad for a film thickness d ≈ 100 nm. Such
small rotation angles have been measured in Kerr experiments
on superconducting materials at very low temperatures, so we
expect the Faraday rotation to be accessible in future experi-
ments. [30, 31]
Conclusion. — Motivated by a variety of intermetallic
systems that exhibit quadrupolar orders, we have proposed
that optical gyrotropy in quadrupolar Kondo systems [3, 4, 7–
10, 32] may yield further information on the nature of broken
symmetry. Kondo coupling between conduction electrons
and localized quadrupolar moments can naturally drive inter-
esting quadrupolar order and further induce non-trivial Berry
curvature for conduction electrons. Such effect leads to a
certain handedness of light propagation, resulting in Faraday
rotation. Using a Luttinger k · p Hamiltonian for conduction
electrons, we explored how quadrupolar order impacts the
gyrotropy. Finally, we estimated the Faraday rotation angle
for a candidate material PrPb3, which can be measured in
future experiments. The optical gyrotropic effect might thus
serve to shed further light on “hidden” quadrupolar orders.
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SUPPLEMENTAL MATERIAL
Eigenfunctions of the Luttinger Hamiltonian and their
perturbations
We first write the expression of energies and eigenfunctions
of the Luttinger k · p HamiltonianH0 presented in Eq.(1) and
then describe the projection ofH(2)Q into those eigenfunctions.
The two doublet eigenstates (ψ1, ψ2, ψ3, ψ4) and their en-
ergies (1, 1, 2, 2) of Eq.(1) are described by,
1(2) = −1
4
(
(4c1 + 5c2)(k
2
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2
y + k
2
z)± 2
√
4c22 (k
4
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4
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,
(13)
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6Using eigenfunctinos ψ1, ψ2, ψ3 and ψ4, one can derive the
projection ofH(2)Q into those eigenfunctions,
H˜1 = 〈ψ1(2)|H(2)Q |ψ1(2)〉 = ~f1(k) · ~σ (19)
H˜2 = 〈ψ3(4)|H(2)Q |ψ3(4)〉 = ~f2(k) · ~σ. (20)
Gyrotropic effect
The gyrotropic coefficient is related to a transverse cur-
rent proportional to the gradient of electric field: jµ =
λGµνγdEν/dxγ . Here, we consider an applied electric field
Eν(xγ , t) = Re[Eei(qxγ−ωt)] and derive the expression of
gyrotropic coefficient λGµνγ . We note that this derivation is
already studied in Ref.22. For a finite Berry curvature, the ve-
locity of an electron wave packet with a band dispersion (k)
is given by,
v(k) =
1
~
∂(k)
∂k
− e
~
E × Ω(k). (21)
Based on Eq.(21), the local transverse current carried by elec-
trons whose wave vectors lie in a slice of k-space of thickness
dkγ is described by
Jloc(kγ , xγ , t) = −e
2
~
dkγ
4pi2
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Φγ(kγ) =
∫
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dkµdkν Ω
γ(k). (23)
The transverse nonlocal current, Jnl(xγ , t) is the summation
of local current Jloc(kγ , x′γ , t) for xγ > x
′
γ and x
′
γ > xγ
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within the relaxation time approximation p(xγ − x′γ) ∝
e−|xγ−x
′
γ |/lmf with a mean free path lmf = vF τ .
Now, we are interested in the derivation of Eq.(10)
within the spherical Fermi surface approximation. The
spherical coordinates are defined using radial, azimuthal
and polar coordinates (k, ϕ, θ); k = (kµ, kν , kγ) =
(k sin θ cosϕ, k sin θ sinϕ, k cos θ)
7∫
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(29)
where nf (E) is the Fermi distribution with energy
E, a is a lattice constant, four distinct energies are
E`,±(k) = `(k) ± |~f`(k)|. (~f`(k) is defined in Eqs.(19)
and (20).) We further labeled their distinct Berry curvatures
as Ω`,±(k), which satisfy Ω`,±(k) = k−2Ω`,±(θ, ϕ) and
Ω`,−(θ, ϕ) = −Ω`,+(θ, ϕ). In the third step, we have used
nf (E`,±(k)) ≈ nf (`(k))∓|~f`(k)| δ(`(k)−µ) for Wk 
V 2/∆. In the last step, we have assumed the spherical Fermi
surfaces for both 1(2) with the wave vectors kF to separate
the radial and angle integration, δ(1(2)(k, θ, ϕ) − µ) ≈
1
Wa2 δ(k
2− k2F ) = 12kF 1Wa2 [δ(k+ kF ) + δ(k− kF )] and this
leads to
∫∞
0
dk (ka) δ(1(2)(k, θ, ϕ)− µ) = 1/(2aW ) where
ka in the integration is from f`(k, θ, ϕ) = (ka)f`(θ, ϕ).
Within the spherical Fermi surface approximation, we are
left with the angle integration and realize that the integration
of Berry curvature is not proportional to the Fermi wave vector
kF in the limit of Wk  V 2/∆. Thus, the band split from
the original doublet because of the perturbative quadrupolar
order leads to the Berry curvatures, independent to the mag-
nitude of Fermi wave vector but proportional to V 2/(∆ W )
only with azimuthal and polar angle dependence that captures
broken inversion and mirror symmetries.
